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Abstract

Optimal Control (OC) Theory is an area of optimization responsi-
ble for finding a control strategy under a dynamical system, and has
shown good results in many fields. However classical OC approaches
rely on knowledge of the system and costs, and can become intractable
under uncertain or long term scenarios, rendering its not being ideal
for some highly uncertain real world tasks, such as piloting or driving.
In this work, we propose the study of an Autonomous Moving agent
under environmental Timely Distributional Shift from an Inverse Opti-
mal Control (IOC) and Model Predictive Control (MPC) perspective.
We discuss how these techniques can be used in order to tackle such
problem, offering good generalization properties while being an adapt-
able and computationally tractable framework.

Keywords: Autonomous Decision; Inverse Optimal Control; Model
Predictive Control.

1 Introduction

In the last years, society has seen a steep advance in the use of new ma-
chine learning techniques in a variety of fields, from image recognition, chat-
bots such as ChatGPT [Ray23], and even playing complex games, such as
chess and go [Ber22]. Success examples like these explicit the utility of such
techniques, and it’s potential to replace humans in even more challenging
activities.

While some of those seem innocuous, there are many cases where a deci-
sion involves harmful or unexpected results, specially when involving human-
machine interaction and real world deployment, including autonomous driv-



ing, drone piloting and other complex tasks [Lab24l [Ami24]. In this sense,
the study of reliably robust methods for such tasks becomes paramount. As
an example, in 2017 [LMK™ 17| proposed a suite of environments illustrating
a set of desirable agent properties, such as adversarial and ill-specification
robustness, safe interruptibility, safe exploration, among others.

In this direction, researchers have advocated for the importance of bridg-
ing technical and practical aspects of Machine Learning and mathematical
tools such as Optimal Control Theory [BPQO7, [Lib11], to discuss emerging
topics involving machine learning integration in society [Zual, Ber19, Ber23].

In fact, the study of Optimal Control Theory has shown positive out-
comes in ensuring properties and safe guarantees regarding decision making
but, sometimes, lack computational and theoretical tractability, specially
in the cases of long-term problems or uncertain scenarios. On the other
side, learning-based techniques can introduce adaptability and generality to
model-based control [BGH™21].

In light of this discussion, we propose the study of conjoint techniques
from the field of Optimal Control Theory focused on the problem of ro-
bustness under distributional shift: ensuring an agent behaves ro-
bustly when the test and training environments differ, inspired in [LMK™17].
We stress the previous problem by proposing it’s time-dependent extension
of robustness under timely distributional shift: ensuring an agent
trained in static scenarios is robust when deployed in a continuously up-
dated scenario.

More precisely, we discuss how Inverse Optimal Control (I0C) [ASD20]
can be an efficient alternative for generalizable learning foundation, while
Model Predictive Control (MPC) [HWMZ20] introduces online adaptability
to environmental changes.

1.1 Organization

Section [2] introduces the problem being studied, our implementation of a
simulation environment for such problem, and comments on alternative im-
plementations that pose more realistic, complex implementations that could
be useful in future studies for the similar problem.

Section [3|introduces learning Learning From Demonstrations (LfD) frame-
works, formulates the Inverse Optimal Control (IOC) problem, how this
model is a good alternative for generalizable learning from samples, previous
approaches to such problem, and proposes a gradient-based method for IOC.
The Model Predictive Control (MPC) problem is formulated in Section [4]
where we discuss how this method poses an alternative for adaptive motion



planning, and discuss pros and cons, specially due to it’s short-sightedness.
Finally, in Section we discuss the end-to-end results, and possible
future works.

2 Robustness Under Distributional Shift

The learning environments from [LMK™17] propose problems reflecting as-
pects of real-world safety problems, such as Reward gaming and Distribu-
tional shift. In these examples, each problem is static, which does not always
reflect real world scenarios.

In that sense, distributional shift happens during interaction, and some-
times it reflects real-world interaction better than the static case. Agents
such as cleaning robots or autonomous driving vehicles should be faced with
environments that change over time: an individual might introduce a new
breakable object while the robot cleans the room; or an unexpected vehicle
may cut the line in front of the self-driving car.

We, therefore, propose the study of an extension of the previous problem
by proposing it’s time-dependent version: an agent learns under a time-
distributed environment should be able to reliably act when the scenario
it’s deployed is updated under a different distribution. For this study, we
focus on the extreme case of this robustness under timely distributional
shift: ensuring an agent trained in static scenarios is robust when deployed
in a continuously updated scenario.

Such proposition also imposes a data efficiency challenge: since the dy-
namics under time shift occur in a much bigger space, static data becomes
sparse representations of the real dynamics to be faced; on the other di-
rection, if an agent is able to learn, under a methodology, from static time
samples, similar rationale suggests it’s a data efficient methodology.

2.1 The Moving Agent Problem

An interesting example can be found in [Lab24]: in one of their studies, a
flying drone has to move while avoiding collision with another drone that
passes by. Inspired in this situation, we propose the following study problem:
a moving agent has to move from it’s starting position to a moving target
point while avoiding a moving hazard point before a fixed time limit.
Interestingly enough, such simple problem imposes a considerable set
of specification questions: how much should the hazard be avoided? should
the agent remain at a certain distance? should the agent opt to collide to
reach the target in time? Also, due to it’s simplicity, results coming from



this study should easily generalize to more complex scenarios, such as those
stated before.

2.2 Safe Learning Environment

To support such study, we implemented a Safe Learning Environment (see
Figure [1)). It’s purpose is to be a simple implementation, easy do use and
configure, compatible with the classical Reinforcement Learning environ-
ment suit Gymnasiurrﬂ In fact, our concept is a simplified version of the
ongoing work Safety—Gymnasiurrﬂ specially the Safe Navigation suit. Due
to it’s incomplete documentation, we decided to implement our own envi-
ronment.

Figure 1: The Safe Learning Environment. From left to right: no trajectory
traces and random initial positions; optimal trajectory for fixed target and
hazard.

Currently, the implementation is publicly available. For a more complete
documentation on installation an running examples, one may refer to our
repositoryP} The suit features a single environment and consists of the sim-
ple task described as before, where the objects can move under directional
acceleration:

e Observation Space: the observation consists of 6 (six) 2d vectors,
representing respectively: agent position; agent velocity; target posi-
tion; target velocity; hazard position; and hazard velocity. By stan-
dard, the positions and velocities are limited to the interval [—1,1].

for reference, see: https://gymnasium.farama.org/index.html
for reference, see: https://safety-gymnasium.readthedocs.io/en/stable/
3repository: https://github.com/fredsonaguiar/safe-learning-environments/
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e Action Space: the possible actions consist o 3 (tree) 2d vectors,
representing respectively: agent acceleration; target acceleration; and
hazard acceleration. By standard, the accelerations are limited to the
interval [—1,1].

e Reward: The standard reward is —dt per step, where dt is the inverse
of time discretization, meaning the agent receives a total negative loss
of the time it took to complete the task.

It’s important to notice that the standard Reward proposed above is
only a baseline: in fact, the ideal reward is the central problem to be studied
since defining the reward means defining the agent’s beahaviour.

Finally, it’s noticeable that such suit can be easily extended to include
more complex tasks, such as variable number of objects, and more complex
dynamics. For now, the main purpose of the implementation is to be simple
and accessible.

3 10C for Learning from Demonstrations

As previously stated, specifying how an agent should behave trough loss
functions can become a prohibitively complex task. In fact, even for simple
tasks, such that of our study, many specification question arise, and, in
case there are no such questions, it can hard to encode the desired behavior
trough parametrization [HMMA™T20).

In such context, it becomes more reliable and efficient to transmit in-
tended behavior or intuitive expertise by providing a learning agent with
(optimal) samples of the task, trajectories or state-control measures. This
approach has given rise to different formulations of the same leaning problem
that became know generally as Aprenticeship Learning (AL) or Learning
from Demonstrations (LfD) [ASD20, RPCB20, LKWP24]. This way, in-
creasingly more complex tasks have been achieved, such as autonomous he-
licopter aerobatics [ACNT0, trajectory prediction for car racing [RMS™22],
and playing complex games [HVP™17|, among others.

3.1 Inverse Optimal Control

Inverse Optimal Control (IOC) in the problem of reconstructing an under-
lying Lagrangian function or, equivalently, learning the fundamental cost
functions trough optimal trajectory samples. In general, such problem is
formulated as finding a set of weights (w;);"_, for a loss basis (¢;);; in order



to approximate the real loss f being optimized:
n
f(t7 z,u, y) ~ f(tv x,u,y, w) = Z wl¢l(t7 x,u, y)7
i=1

where z(t) represents the current state, u(t) represents the control, and y(t)
represents the environment states. One may refer to [ASD20] for a his-
torical overview of the field and motivations, from classical inverse optimal
control to more modern approaches. A deeper theoretical formulation for
the problem can be found in [Mas18|, including classical IOC as an stabi-
lization problem, formulation trough geodesics, the discussion of injectivity
and surjectivity of costs, and more.

The general IOC formulation has applications in many fields including
biology, medicine and economics, and has shown special positive outcomes in
engineering and robotics in fields such as autonomous robotics and human-
robot interaction [RCR™19, RMS™22].

3.2 Related IOC Approaches

Different methodologies have been proposed in order to approach IOC prob-
lem, assuming different hypothesis about the associated optimal control
problem.

In [MTLIO|] the authors propose bilevel formulation, by minimizing the
deviation of computed optimal control paths, given a set of parameters, from
measurements. They propose the technique to better understand human
locomotion and generate more natural robotic humanoid movement.

As an interesting alternative approach in given in [JAB13|, where the
authors propose efficient parameter estimation by minimizing the amount
to wich necessary conditions from Pontriagyn’s Mazimum Principle are vio-
lated. In a similar stile, the work [EVT17] proposed a more general approach
that includes restrictions, by minimizing the violation from the KKT condi-
tions. In both cases, the authors reformulate the problems under the form of
well known Linear Quadratic Regulators (LRQ) problems, and reach good
outcomes. Following from the previous ones, the work [CBO™23| presents a
method to also recover state and control box constraint, under incomplete
observations, from the Lagrange method.

In a more theoretical founded stile, [MZ18] studies convex formulations
for IOC problems under an LQR law, offering uniqueness results as well
as highlighting robustness under noisy data and computational efficiency
properties.



In an alternative, authors have proposed a deep learning based method
[FLA16] to solve an IOC problem in high dimensional and unknown dynam-
ics, while avoiding extensive feature extraction.

3.3 Gradient-Based Formulation

Stochastic Gradient Descent (SGD) is a well-known iterative optimization
methodﬂ In SGD, one approximates the intended optimal parameter wx* by
iteratively taking

Wiy 1 := wy, — YV L(wy),

where v is known stepsize or learning rate, and defines the how much the
current step will follow the descending direction. This method usually works
well for functions under suitable hypotheses and is frequently used in train-
ing neural networks and other weight adjustments.

Our proposition follows a similar approach from previous works, consid-
ering a total observed trajectory error, L(w), given by

L(w) = Zli(w), where  [;(w) := ngw) — x|

that is, [;(w) is the i-th observed trajectory error, x} is the i-th optimal
trajectory observation and xz(w) is the i-th optimal trajectory under the loss
defined by w starting from the same initial condition as z. Ideally, under
the same initial conditions and real parameters w, the optimal trajectories
xl@) should coincide with the observation z;, therefore reaching the global
minimum L(w) = 0. This way, our method consists of finding the optimal
parameter w* that minimizes L.

We assume the mapping L to be (sub)differentiable. The idea is that
we should be able to differentiate the observation errors with respect to
the parameters in order to find the global optimal point from a gradient-
based method. More precisely, we propose the use of the SGD method to
iteratively minimize L(w).

As an important observation, Figure [2] shows how the errors are struc-
tured around the real weights. In a real scenario, one would not have access
to the real weights prior to the investigation, but this suggests the afore-
mentioned hypotheses are reasonable.

A main issue in our proposition is that we don’t have access to the

gradients VL and, in reality, this function may be prohibitively complex

“for reference, see: https://en.wikipedia.org/wiki/Stochastic_gradient_descent
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Figure 2: The observation error as the weights vary in the interval [—1,1].
For this exemplification, each of the other weights assume their true values.

or impossible to represent in an analytical form. An interpretation to this
function follows from

k k
VLw) =Y Vel —af|P = Y 2" - )" Val",
i=0 i=0
meaning that one would have, effectively, access to the variation of the
optimal solutions :rl(.w) (t) with respect to variations in the weight parameters
w or, equivalently, know how the weights locally define the solutions to the
optimal control problem.

Our way to solve this issue is by considering VL(w) = <8L(w) OL(w) ) .

owy " Own
This way, we can approximate each of the partial derivatives from a sym-
metric difference quotient, so we take

OL(w)  L(w+ ee;) — L(w — ee;)

ow; 2¢
where € > 0 is a small variation size, and e; is the i-th canonical vector,

representing a variation added to the i-th weight w; while maitaining the

others fixed. Of course, this means we need to solve the direct optimal
control problems to find each of the optimal solutions xEWﬂGi) in order to

calculate the losses.



3.4 Cost Learning for Moving Agents

In our example, as described in Section [2] we are interested in learning a
cost function that governs the movement of an agent moving towards a
target while avoiding a hazard; the agent it could, as well, avoid or incen-
tivize other features such as limited acceleration due to fuel costs. Follow-
ing [EVT17], we assume the cost basis terms given by the sum of weighted
squared features. We chose the relevant features as follows: ¢; - distance
from agent to target; ¢s - distance from agent to hazard; ¢3 - agent’s
velocity; and ¢4 - agent’s acceleration.

For the learning experiment, we chose the weights (w1, wa, w3, wy4) to rep-
resent the intended behavior, and generate optimal trajectory observations
from random initial positions, maintaining target and hazard stationary
as proposedﬁ

In some LfD problems, the trajectories may not be measurable or com-
patible with the learning agent. For instance, if a robot learns to imitate hu-
man walking from examples, the relevant observation and costs may include
only the compatible measures (e.g, leg and feet positions and velocities)
leaving out unmeasurable quantities (e.g, humans inner muscular tension
levels) and incompatible control mechanics (e.g, articulation motor torques
and velocities).

In the investigation, this means that the observed trajectories or, equiv-
alently, the observation losses, x; may include the agent’s position and
velocity, but also it’s control function, the acceleration. As being so, we
compare results obtained by the gradient-based method in the two cases.
Figure [3] shows the training logs: the observation loss and weights reaches
the desired tolerance earlier (taking around 900 training steps) when includ-
ing the accelerations in comparison to the other case (taking around 2000
training steps). This may have to do with the fact that, in the first case,
more information is used to the adjusted loss function. In both cases, we
reach an error between the real and learned weights of the order 1073, a
good approximation.

The good parameter approximation, as well as good losses, obtained
after training suggests that the agent was able to learn the intended behavior
from observations; this means that the actions taken by the trained agent
reflect (or approximate to a good extent) those from the optimal trajectory
samples.

However, we must recall the learned actions and trajectories have been
taken and trained under static environments, what does not reflect our in-

Sreal weights considered: w = (10, —1,0, 10), before normalization.
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Figure 3: Training from same random initial conditions wg until error toler-
ance of 1076, 1000 samples, 5s duration, batchsizes 20, § = 0.01, v = 0.05.
Losses include acceleration (left); losses leave out acceleration (right).

tended problem. In next session, we discuss how to extend the learned
static-time behavior to timely adaptive motion.

4 MPC for Adaptive Autonomous Motion

Model Predictive Control (MPC) is an optimal control technique that allows
one to replace an analytically or computationally potentially intractable
Optimal Control Problem by a simpler version. It provides a more tractable
version of an Optimal Control Problem by iteratively solving a simplified
version of the control problem over a shorter horizon [HWMZ20)].

Effectively, in MPC one takes the current optimal control strategy as
being the first step of an optimal control problem starting from the current
state to a predefined time horizon:

N

min ; Unpe (Tijks Wik @+ k)

st Tk = Fipe(@ij, Wik, @ + k),
U= [u0|k,...,uN|k] S Uj,j =1,...,n¢,,
X = [:U0|k, ...,:UN“J cedXj,j=1,..,nc

J
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Then Tppe(Tk, ur) = u(’;‘k, the k-th first step of the optimal solution to
the k-th receding problem provides an adaptive feedback control strategy.
Those methods have recently been used to ensure safer learning, where some
security restriction are enforced in the learning process [BGH™21].

4.1 Related MPC Applications

Many applications on MPC discussing adaptability or Safe Learning and
robotics can be found on literature, and rather justify our next discussion
on it’s application for autonomous motion under dynamic environmental
update. One may refer to [HWMZ20] for a greater discussion on MPC and
safety.

Interesting examples of MPC in engineering and robotics are discussed
in [Lab24. [Ami24], including legged robots, autonomous driving, collision
avoidance and technical discussions, such as controllability and safety veri-
fication from reachable sets, among others.

An approach for safety is Model Predictive Safety Certification (MPSC),
explored in [WZ19L WZ21l (GHdRD24]. In MPSC, proposed trajectories
(e.g., from an optimal controller or reinforcement learning agent) are checked
online and filtered or modified in order to meet security restrictions.

Approaches focused on adaptability are discussed in [BZTB21, KKS™20,
LCAT19] by proposing online parametric adaptation through set membership
methods or polytopic approximation. These techniques have shown positive
outcomes under scenario uncertainty.

Other approaches such as [ME23| are focused on offering strong theo-
retical guarantees for scalability and robustness under distributional shift,
besides convergence results and feasibility. Usually, such approaches rely on
a model-based hypothesis in order to obtain strong results.

4.2 Environmental Adaptability

In our study, we're interested in extending actions learned from static en-
vironments to dynamic ones. We claim that the adaptability property of
an MPC-based feedback control is, itself, enough to solve the problem with
minor adaptations due to computational tractability.

Our strategy is to consider the optimal control feedback given by MPC
assuming the environment becomes static in the current state for the pre-
dictive horizon. After applying the following the chosen strategy step, the
environment updates and the agent repeats the method for the next step.
See Figure [4
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Figure 4: Proposed strategy: solve a short horizon optimal control assuming
the environment remains static at current state; inputs control to dynamic
environment; and refeeds the updated measures to the MPC controller.

However, in the problem proposed, two relevant issues arise: first, we
need to adapt the final condition (the agent must reach the target in a given
time) from longer time horizon to a series of short-horizon problems; and
second, the agent must be able to recalculate it’s route on real time in order
to react to the environment, meaning we are only allowed to use a short
prediction horizon. These issues are dealt in the following Subsections.

4.3 Forward Motion Planning

For the first issue, we follow the discussion on Nominal Stability of NMPC
from [Diell] to relax the terminal constraints by replacing them with a se-
quence of terminal costs or inequalities that imply the intended stabilization
at the terminal time.

For instance, one could include quadratic costs to incentivize the stabi-
lization at the intended point, however, this does not guarantee finite time
stabilization, and could directly interfere with the costs learned previously.
Instead, we propose a sequence of finite time inequalities.

Precisely, without loss of generality, let tg = 0 be the task initial time,
T be the terminal time for the complete problem, ¢ be the current task time
and h be the MPC time horizon; suppose also t + h < T since the MPC
horizon should not extend beyond the final time, otherwise take h =T — t.
We must grant the distance ||a(T") — p(T))|| from agent to target to be 0
at terminal time T'. We, then, include the following inequality restriction to
be satisfied by the MPC controller:

T — (t+h)

lat + 1) = plt + Wl < —

[la(t) = p(®)]
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Figure 5: Trajectory results using MPC feedback controller for a 5s target
reaching task, using a 1s time horizon.

Such inequality states that the motion is planned in order to make sure the
agent approximates the target proportionally to the amount of time taken
by the MPC task in relation to the amount of time left. Also, it’s easily
verified the the terminal time constraint is eventually satisfied, since near
the terminal time we get T =t + h, thus

la(T) ~ () = fla(t + 1)~ ot + W)l < T~ ) — ey =

satisfying the final time constraint as stated initially.

As Figure [5| shows, the implementation of such strategy works well even
under dynamic environmental changes.

4.4 MPC Short-Sightedness

As issued before, in a real world scenario, the agent must be able to react
to the environmental changes on time, generally without any computations.
Also, the agent itself does not have access to extensive computational power
but, rather, basic embedded hardware [Diell]. This motivates the need for
efficient on-the-go control computation, and leads to a variety of computa-
tionally efficient algorithms.

Considering MPC methodology, this leads to an immediate trade-off on
defining the time horizon: ideally, we should consider the maximum possible
horizon in order to approximate the optimal stabilizing control; on the other
side, the longer the horizon, more complex and time consuming is to solve
the associated control; finally, the smaller the horizon, the less the feedback
control approximates the intended optimal control in reality, in an effect
called short-sightedness.

13



Figure 6: The moving agent problem fro the same initial conditions, static
environment, total time T" = 5. From left to right: MPC controllers with
time horizons h; = 0.5s, he = 1s, and hs = 2s; optimal controller (right).

Such effect suggests to the fact that the control accounts only for too
immediate results, leaving aside long-term returns. Figure [f] exemplifies this
effect: for the same static environment, the shorter horizon MPC controller
(left) only accounts and reacts to the hazard when near collision; on the
other side, the larger horizon MPC controller (3rd from left to right) ap-
proximated well the globally optimal control (right).

Finally, for our examples in Figure the intermediate time horizon
h = 1s was chosen. In practice, we observed this horizon to represent well
the longer horizon behavior while being computationally tractable on real
time.

5 Results and Discussion

We were able to discuss how techniques of IOC and MPC can be used
in approaching generalizable and adaptable control even under updating
environments while maintaining the intended behavior. In our discussion,
results presented show positive outcomes in solving the intended proposed
problem of an autonomous agent moving while looking for a target and
avoiding a hazard. Codes and simulation files generated in the discussion
are are publiclyﬂ

It is important to mention that the techniques and environment em-
ployed in the discussion are fundamentally simple representations of much
larger fields, what raises the importance of more profound discussions and
opens the possibility of employing alternative methods. Some possible al-
ternative works and techniques are presented below.

Ssee repository: https://github.com/fredsonaguiar/ioc_mpc_timely_dist_shift
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5.1 Online Learning Techniques

Even when ensuring good adaptability properties to a controller, these can
be limited by the uncertainty of real world environments, reducing it’s per-
formance. Therefore, learning for adaptability should, as well, occur online:
for instance, a drone that must remain stable might learn to account for
unforeseen wind direction during flight.

Works applying similar approaches have already been mentioned, such as
[RMS™22, LCAT9, BZTB21], among others. This kind of technique allows
for more reliable control and better performance by improving it’s inner
predictive model.

5.2 Control Barrier Functions

When dealing with problems of safe exploration, safe online learning or
safety-critical control, an area that has received increasing attention relies
on the use of Control Barrier Functions (CBFs) [ACET19, [OST21]. The
formalism of CBFs is inspired in Lyapunov stabilization, but extends this
concept to safe set invariance, meaning the system tends to stay in a set.
The advantage of this formalism is that it offers a clear definition of safety
while also implying strong theoretical safety guarantees.

An application of this technique is presented in [COMBI19|, where the
authors propose a combination of techniques brought from CBFs and RL
to propose a framework that guarantees safety with high probability during
the learning process while maintaining efficient exploration.

5.3 Alternative Environments

More complex environments might be discussed in order to better represent
reality, including more complex dynamics and numerous features. A possible
environment specific for safety tasks has already been introduced, the Safety-
Gymnasium.

Alternatively, environments for multi-agent problems may be suitably
discussed in order to make agents reliable under adversarial or cooperative
games. For intance, the PettingZodZ] interface offer a set of general multi-
agent problems in a variety of environments with implementation for python.

On a different direction, PyFlytﬁ is a library publishing a set of UAV
Simulation Environments, built on a powerful physics engine, and allowing

for reference, see: https://pettingzoo.farama.org/.
8for reference, see: https://taijunjet.com/PyFlyt/
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flexible personalization and configuration of the environment (e.g., wind
velocities) and elements (e.g., drones, motors, camera). As standard, the
library publishes a set of complex tasks, such as landing a falling rocket,
and balancing a pole or catching a falling ball on a flying drone.
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